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Abstract: The inflection point(IP) on an ogive curve is required for determination using 

the item response theory(IRT) model. However, we have not seen any article that veri-

fied the determination of IP at the location of item difficulty. The way to prove the point 

at the item difficulty was demonstrated using the differential equation in calculus. We 

illustrated the data of medical acronyms between 1950 and 2020. The cumulative ob-

served frequencies in Pubmed over the years were used to determine the topic burst by 

using the IP. Two mathematical models of IRT and the exponential growth 

curve(=a/(1+be-ct) named EGC model were compared in R2 and the IPs for each medical 

acronym. We found that the IRT model outperforms the EGC model. The visual displays 

were verified in comparison of R2, and the IPs were demonstrated in this study and pro-

vided a reference to future studies regarding the IP determination in other fields, and is 

not limited to the bibliometric analysis as we did in this study. 

Keywords: inflection point, exponential growth model, calculus; ogive curve; IRT; EGC mod-
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Introduction 

The article published on 16 May 2021, is of interest[1] but remains several questions 

that are required for clarifications, such as the presentations in Table and Fig. 1 that 

should be improved further for providing more valuable information to readers because 

of lacking the topic burst observed in the study. Although improvement has been made 

in another article[2], the topic burst was not highlighted in the study. Another article[3] 

displayed topic burst using keywords related to mobile research since 2000. The method 

for obtaining the year of keywords that was a burst point has not been classified in the 

study[3] though two references [4,5] were cited. We are thus motivated to cultivate the 

way to determine the bursting point(namely inflection point(IP)) that appears suddenly 

at the year when the evolution of keywords or topics is observed.         

The item response theory(IRT) model has been applied to determine the IP for coun-

tries/regions in COV[6,7]. Nonetheless, the IP determination is still unclear or tedious, 

not based on a scientific basis. That is, the absolute advantage coefficient(AAC) [8] was 

applied to determine the IP on a given ogive curve. Whether the calculus that uses the 

differential equation to solve the problem of the IP location is required to utilization be-

cause the IP is located at the IP referred to a point on a smooth plane curve where curvature changes sign from an in-

creasing concave (concave downward) to a decreasing convex (concave upward) shape, or vice versa [9]. In this study, 
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we aim to verify the IP is located at the point of item difficulty. The medical acronyms will be used to demonstrate the 

IP determination based on two mathematical models of IRT and the exponential growth curve(=a/(1+be-ct) named EGC 

model.      

Methods 

2.1 Data source 

We obtained data from the study[1] and extracted eight medical acronyms to illustrate the IP determination and 

compare the difference in R2 and the IPs between two mathematic study models.  

Two major parts of this study are to verify the results reported in the study[1] and the temporal bar graph used to 

display the IP and the evolution of keywords(or acronyms).  

2.2 The determination of inflection point on a given ogive curve using the second-order derivative in calculus  

In the IRT model, the probability can be expressed as Eq.(1): 

 

Pro(Xni|θ) =
ea(θn−δi)

1 + ea(θn−δi)
, (1)  

Where parameter a as discrimination parameter is >0   a,b,c are none zero constants,θ, as the t elapsed, is the 

personal ability,and δ is the item difficulty for n and i, respectively.  We simplify Eq.(1) and express it as Eq.(2): 

       

f(t) =
ea(t−δ)

1 + ea(t−δ)
, (2)    

    The processes of the first and the second-order derivative on t are described below: 

 

f′(t)  = (
ea(t−δ)

1 + ea(t−δ)
)

′

= [(ea(t−δ))
′
(1 + ea(t−δ)) − (ea(t−δ))(1 + ea(t−δ))

′
] ÷ (1 + ea(t−δ))

2

= [(ea(t−δ)a)(1 + ea(t−δ)) − a(ea(t−δ))(ea(t−δ)))] ÷ (1 + ea(t−δ))2 

                                             =
(aea(t−δ))(1+ea(t−δ))−a(ea(t−δ))ea(t−δ)

(1+ea(t−δ))2  =
(aea(t−δ))[(1+ea(t−δ)−ea(t−δ)) ]

(1+ea(t−δ))2  

=
(ea(t−δ))

(1 + ea(t−δ))2
 

 

f ′′(t) = [f ′(t)]
′

= {
(ea(t−δ))

(1 + ea(t−δ))2
}

′

 

= {−2(aea(t−δ)[1 + ea(t−δ)]−ea(t−δ)[aea(t−δ)) ]}  × (1 + ea(t−δ))
−3

  

= {−2aea(t−δ)[1 + ea(t−δ)]−ea(t−δ)aea(t−δ)} × (1 + ea(t−δ))
−3

 

                                  Let ea(t−δ) = Z 

                                  {−2aZ[1+Z] − aZ2)} × (1 + Z)−3   =0 

   Therefore, (−2aZ − 2aZ2) × (1 + Z)−3 = 0 

             −2aZ [1−Z]  × (1 + Z)−3 = 0 

              
  −2aZ [1−Z]

(1+Z)3  = 0 
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            Due to a and Z must be greater than zero, the value of 1-Z must be 0. 

            Hence, 1−Z=0=1−ea(t−δ) 

              ea(t−δ) = 1 

     a(t − δ)  = ln (1)=0 

                                                 Due to a>0, t − δ = 0 and  t= δ  

                                 That is, the inflection point on an ogive is at the item difficulty.    

 2.3 Temporal bar graph used for displaying the evolution of keywords  

   In tradition, the temporal bar graph(TBG) is just presenting the years on x-axis and bars of counts from high fre-

quency downward the less. No such topic bursts and IP are in the graph. We developed a novel TBG that includes IP, 

counts in colors with an inner bar, and observed counts with an outer bar, the count in the median with a point to in-

dicate the data pattern(i.e., increasing, decreasing, slow down, and stationarity.    

2.3 Estimating model parameters  

Model parameters were estimated by using the solver in Microsoft Excel[10,11]. The abstract video was provided in 

reference[11]. 

 Results 

3.1 Comparison of two mathematic models 

       Two points on IPs and R-square are compared in Table 1. We can see that somewhat differences were found 

in this study, including IPs higher in the EGC model and R-square favoring the IRT model.  

Table 1 Comparison of results in IP determinations between the two models 

IP AT IP start at end Rsquare  AAC Acronym 

EGC model 
     

71 64692 2019 2020 0.00  1.00 COVID 

63 21 1977 2020 0.96  0.50 CoV 

41 0 1953 2020 0.94  0.81 SARS 

71 12210 1950 2020 0.00  0.50 DNA 

71 10052 1986 2020 0.15  0.08 HIV 

71 9482 1953 2020 0.46  0.50 RNA 

71 7088 1954 2020 0.00  0.50 CT 

71 6280 1969 2020 0.98  0.49 MRI 

IRT mod-

el 
            

71 64692 2019 2020 0.93  1.00 COVID 

70 99 1977 2020 1.00  0.5 CoV 

71 12290 1953 2020 0.97  0.81 SARS 

53 7044 1950 2020 0.99  0.5 DNA 

58 7415 1986 2020 0.99  0.5 HIV 

55 2604 1953 2020 0.97  0.5 RNA 

60 3368 1954 2020 0.96  0.5 CT 

62 3389 1969 2020 0.97  0.5 MRI 



J Bibliographical Analyses in Statistics 2021, 18(3):31-33 4 of 7 
 

 

 

   

3.2 Comparison of visual displays in the two models 

Visualizations are displayed in Figures 1 to 3 in which we can see that the IRT model is superior to the EGV 

model.  

 

 

    Figure 1 The acronym of MRI in the two models to display(EGV model(top) and IRT model(bottom)).  
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Figure 2 The acronym of COVID in the two models to display(EGV model(top) and IRT model(bottom)) 
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Figure 3 The acronym of COV in the two models to display(EGV model(top) and IRT model(bottom)) 

3.3 The temporal bar graph to display the evolution of medical acronyms since 1950 

Using a temporal bar graph to display the evolution of the medical acronym is demonstrated in 

Figure 5. We can see that the black bubbles are the medians, indicating the most number of frequency 

observed in an acronym. Besides the top one with COVID as increasing owning to the median overlaid 

with the IP bubble in green, others are on the left side apart from the IP bubble, implying the decline in 

the number of acronyms. In contrast, if the black is on the right side of IP bubble, the phenomenon is to 

decrease or to the stationarity at the end. The inner bars show the number of the acronym in red color, 

the darker means the more number of acronym observed in the past. The cutting point is set at 330. If 

the number is less than 330, no inner bar appears on the light outer bar. Readers are invited to click on 

the link[11] to examine the details on Google Maps.   

 

 

 
   Figure 4 Using temporal bar graph to display the evolution of medical acronyms 

 

Discussions and conclusion 
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The origianl derivation of the EGV model for the IP determination is verified in the reference[11]. The IP determination was 

present in the references[6,7] using the AAC[8], which is tedious and computation burden in searching IP on an ogive curve 

instead of the item difficulty with the direct approach and fast way to determine the IP as we did in this study. The comparison of 

R-square and IPs in the two mathematical models of IRT and EGV is novel and modern and provides deeper insights into the 

feature of IP determinations. The IRT model is superior to the EGV model in R-square and recommended to future research, not 

limited to the bibliometric analysis only, such as COVID-19 situation with IP to denote the containment of epidemics in 

countries/regions.   
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